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Abstract
The similarity between Finsler and Riemann geometry is an intriguing starting point to extend
general relativity. The lack of quadratic restriction over the line element (color) naturally gen-
eralize the Riemannian case and breaks the local symmetries of general relativity. In addition,
the Finsler manifold is enriched with new geometric entities and all the classical identities are
suitably extended. We investigate the covariant kinematics of a medium formed by a time-like
congruence. After a brief view in the general case we impose particular geometric restrictions to
get some analytic insight. Central role to our analysis plays the Lie derivative where even in case
of irrotational Killing vectors the bundle still deforms. We demonstrate an example of an isotropic
and exponentially expanding cross-section that finally deflates or forms a caustic. Furthermore,
using the 1+3 covariant formalism we investigate the expansion dynamics of the congruence. For
certain geometric restrictions we retrieve the Raychaudhuri equation where a color-curvature cou-
pling is revealed. The condition to prevent the focusing of neighboring particles is given and is
more likely to fulfilled in highly curved regions. Then, we introduce the Levi-Civita connection for
the osculating Riemannian metric and develop a (spatially) isotropic and homogeneous dust-like
model with a non-singular bounce.
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I. INTRODUCTION
In Einstein’s theory of gravity the 4-dimensional space-time is described by a pseudo-
Riemannian manifold. Locally, the curvature effect is diminished and the Lorentz symmetry
is always restored. However, when we investigate non-local phenomena, the curvature effect
distorts the distance module and we depart from the Minkowski line-element [36]. The most
relevant manifestation of this curvature contribution is the gravitational redshift of light.
When we consider hypothetical modifications of general relativity (GR) we can violate the
Lorentz symmetry locally and/or modify the way we distort the distance module in a non-
local region. These scenarios are the common playground for phenomenological models of
quantum/emergent gravity.
From a geometric perspective, we can introduce such GR modifications by dropping
the restriction that the line-element should only depend on quadratic terms with respect
to the coordinate increments. This non-trivial “symmetry breaking” is the essence of the
velocity dependent geometry named as Finsler [1–5]. In particular, the lack of the quadratic
restriction directly introduces Lorentz violations (LV) [6–8] since the space-time locally is
no longer invariant under the boosts of special relativity. Also, the global characteristics of
the space-time geometry are modified as a consequence of the deformed length interval.
Extending the notion of distance in the field of non-quadratic metric functions brings into
play an extra geometric property, apart from the curvature, related to departures from the
quadratic measurement. This extra property of the Finsler manifold, often referred as color
[2, 9], directly introduces LV effects within a geometric framework. It may be considered
as an effective manifestation of quantum/emergent gravitational phenomena. Moreover, the
color of the manifold enforces us to introduce two types of covariant derivatives in order to
properly define the parallel displacement. The first covariant derivative (derivative of the
horizontal space) generalizes the Riemannian derivative, while the second (derivative of the
vertical space) is a pure Finslerian entity. Apparently, this “exotic” differentiation of Finsler
geometry gives rise to three distinct Ricci identities that result from mixing up the vertical
and horizontal derivatives. This set of covariant identities encodes all the information about
the kinematics of Finslerian flows.
Finsler spaces can be equivalently described as the geometry of a velocity dependent
metric where the distance between two points is invariant under reparametrization of the
2
connecting curve. In the literature velocity dependent metrics have been studied from the
onset of general relativity, especially in geometric optics and analogue gravity. One of the
main “privileges” of Finsler space-times is that they naturally induce modified dispersion
relations [11]. Recently, this type of geometry appeared in different perspectives of quantum
gravity (QG) (see for example [10] and references therein). For example: in Horava-Lifshitz
gravity rays may follow Finsler geodesics [12], within the context of the the “stringy” space-
time foam where the D-particles recoil with the world-sheet [13], in Cohen and Glashow’s
very special relativity [14], in bi-metric theories of gravity [10, 15] and in holographic fluids
[16]. There are also studies concerning extensions of relativity theory within the framework
of pseudo-Finsler structures dating back to the 40’s [17, 18] with several issues still remain
open [19].
In GR the internal motion of a flow is “encrypted” in the failure of the deviation vector
to be parallel transported along the congruence. Following the mathematical definition of
the Lie drag along the flow we can track the evolution of expansion, shear and vorticity
with the aid of the Ricci identity. This elegant and straightforward derivation leads to
Raychaudhuri’s equation that played a keynote role in the development of GR (for some
recent works see [21]). It shed light to crucial questions like gravitational collapse and
singularities, gravitational redshift and lensing, accelerating expansion and inflation. This
discussion is carried on to various branches of QG where intriguing effects are reported [22].
In the same line, the recent entry of Finsler geometry in emergent aspects of QG creates the
need for further insight in the volume evolution of a congruence.
Motivated by the mentioned research works we will investigate the deformation of time-
like congruences following E. Cartan’s metrical approach [1, 5, 20]. The kinematics of Finsler
geometry includes several complications coming from the three different Ricci identities and
the anisotropic corrections in the Lie and absolute derivative. One must solve the global
problem of neighboring curves and their deviation vector by imposing specific symmetries
for the medium. In particular restrictive cases we demonstrate how we can retrieve a closed
form expression for the expansion of neighboring particles. The generalized Raychaudhuri’s
equation is derived, where a color-curvature coupling is revealed that becomes more impor-
tant in highly curved regions. The simple case of a dust-like fluid moving along irrotational
geodesics gives back a “counter gravity” condition where the focusing of matter is prevented.
Finally, the limit of osculating Riemannian metric is considered for a Randers space-time. In
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highly spatially curved regions the Finsler contribution can dominate and lead to a bouncing
Friedmann-Robertson-Walker (FRW) model.
II. FINSLER SPACE-TIMES
Let σ(τ) be a smooth curve in a manifold M connecting two space-time points. The
distance between the points is given by the following integral over the connecting curve and
its tangent direction
L =
∫
F (σ(τ), σ˙(τ)) dτ. (1)
The metric function F is defined over the tangent bundle TM. By imposing that the
distance (1) is independent of the curves parametrization τ , we get
F (x, λy) = λF (x, y), λ > 0. (2)
where ya = dx
a
dτ
is the tangent vector to the σ(τ)-curve. In other words, the metric function
F (x, y) is homogeneous of degree one with respect to the coordinate increments ya. Using
Euler’s theorem of homogenous functions we retrieve the formula
F 2(x, y) = gab(x, y)y
ayb, (3)
where gab is the metric tensor and is given by the relation
gab(x, y) =
1
2
∂2F 2
∂ya∂yb
. (4)
Furthermore, a Riemann manifold is retrieved if F (x, y) is quadratic with respect to ya.
Then, the double partial derivative of the previous relation removes the ya-dependence of
the metric. In that sense, Finsler geometry generalize the Riemannian case within the field
of non-quadratic metric functions. The Euler-Lagrange equations for the extremal of F (x, y)
give back the usual relation
dya
dτ
+ 2Ga = 0, (5)
where the second term in the lhs is usually called the spray induced by F (x, y) and is related
to the Christoffel symbols by the relation
Ga =
1
2
γabcy
byc. (6)
The extremal curves (5) define a space of paths for the Finsler manifold.
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The essential difference in the Finslerian approach is that the quadratic restriction on
the metric function is dropped. Consequently, the metric tensor depends on the variable
ya and each tangent space TxM is no-longer equipped with ellipsoidal unit balls. Instead,
there will be a locus given by the restriction F (x, y) = 1 (see rel.(3)). This non-ellipticity
of the unit balls gives an extra property to the Finslerian manifold, apart from curvature,
referred as color. The main quantity that measures the color of our structure is the Cartan
torsion tensor
Cabc =
1
2
∂gab
∂yc
, (7)
since the condition Cabc = 0 implies a Riemann space. In that sense, a Finsler space is a
colorful curved manifold, while a Riemann space is curved but entirely white [37]. Recently,
this extra property of the Fn manifold drew some attention in the community of theoretical
physics since it is related to Lorentz violating scenarios (see for example [7], [8] and [11]).
We consider the position space together with the ya increments, that solve relation (5),
as the fundamental variables of the physical space-time. In other words we replace the
Riemann space-time with a Finsler one where the position space gives place to the element
of support (x, y) [1],[20]. Thus, tensor fields will depend on the coordinates of the tangent
bundle TM induced by the local chart of the base manifold M. In the spirit of [18], the
square magnitude of a first rank tensor ua in x is given by gab(x, y)u
aub and it separates to
three classes, spacelike, null and timelike for negative, zero and positive values respectively.
The tangent bundle TM has a local coordinate base { ∂
∂xa
, ∂
∂ya
}. However, under a trans-
formation on TM induced by a coordinate change onM, the elements ∂
∂xa
do not transform
linearly. This problem is solved by using instead the adapted frame { δ
δxa
, ∂
∂ya
}, with
δ
δxa
=
∂
∂xa
−N ba
∂
∂ya
, (8)
where N ba =
∂Ga
∂yb
is the non-linear connection. Under the same argument, the adapted frame
in the cotangent bundle T ∗M is {dxa, δya}, with
δya = dya +N ba dxa. (9)
The presence of the non-linear connection imposes that the adapted frame is non-holonomic
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in the sense that the following commutation formulas hold
[
δ
δxa
,
δ
δxb
] = Rcab
∂
∂yc
, (10)
[
δ
δxa
,
∂
∂yb
] = Gcab
∂
∂xc
, (11)
[
∂
∂ya
,
∂
∂yb
] = 0, (12)
where we used the definitions
Rabc =
δNab
δxc
−
δNac
δxb
, (13)
and
Gabc =
∂Nab
∂yc
. (14)
Note, that the tensor field (13) is also present in the Riemann limit and reflects the gravi-
tational field. On the other hand, the Gabc components monitor the “mess up” between the
coordinates of the base manifold M and the elements of the tangent bundle ya.
III. ASPECTS OF FINSLERIAN CONGRUENCES
Consider a family of curves γ(s) and their tangent vector field ua in a manifold M. The
parallel displacement of a vector Xa along the ua-bundle is given by the following formula
DXa
ds
=
dXa
ds
+ P a. (15)
The components P a are to be specified by the geometric properties of M. We consider the
mathematical definition of the deviation vector ξa as the tangent of a second flow given by
the Lie drag of a connecting curve along the congruence. The failure to parallel transport
the deviation vector along the flow monitors the internal motion of the ua-family, namely
Dξa
ds
= Babξ
b + Aabcξ
bξc + ... (16)
The tensor fields in the rhs of the above can take explicit expressions depending on the
geometric assumptions we impose. The common example is the Riemann case given in the
next subsection.
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A. White curved space-times
When the manifold is Riemannian the parallel displacement (15) involves only correc-
tions given by the linear connection. Taking into account that the deviation vector is Lie
transported along the flow, £uξ
a = 0, the absolute derivative of ξa can be treated as
ξ˙a ≡
Dξa
ds
= ub∇bξ
a = ξb∇bu
a. (17)
Combining the previous expression with relation (16) we find that only first order terms are
involved in our approximation. Using the 1+3 covariant formalism [38], we can write into
its irreducible parts the second rank tensor that encodes all the relevant information
Bab = ∇bua =
1
3
Θhab + σab + ωab + Aaub, (18)
where we use the definitions with respect to the 3-D covariant operator Da = h
b
a ∇b, for
the expansion of a volume element Θ = Daua, for the shear σab = 2D(bua) −
1
3
Θhab, for the
vorticity ωab = D[bua] and the four acceleration Aa = u˙a [23].
In Riemann geometry the covariant derivative on a vector field fails to commute due to
the curvature of space-time. The tensorial Ricci identity reads
2∇[a∇b]uc = Rabcdu
d, (19)
and decomposes to three propagation and three constrain equations [23] for the irreducible
parts of relation (18). The most relevant equation of this set is Raychaudhuri’s equation
that monitors the evolution of the average volume of a spatial 3-D element dV. It results
directly from the Ricci identity (19) by taking the trace and projecting along the ua-family
Θ˙ +
1
3
Θ2 = −Rabu
aub − 2(σ2 − ω2) + DaA
a − AaA
a, (20)
where σ2 = σabσab/2 and ω
2 = ωabωab/2 and the last two terms are representatives of external
forces. Given an initially expanding phase of the flow (Θ > 0) we directly conclude that
positive terms in the rhs will accelerate the expansion and negative ones will decelerate. The
statement is reversed in case of a contracting phase. Notice, that the evolution law (20) is a
pure geometric relation. It is valid for any theory of gravity that assumes a Riemann manifold
for the position space. We can indirectly connect the evolution formula (20) with the energy
and momentum of matter through the field equations and the conservation relations. In the
context of GR Raychaudhuri’s equation reflects the attracting nature of gravity, since for
ordinary matter the curvature contribution always assists the contraction [21].
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B. Parallel displacement and Ricci identities
As we discussed, in Finsler spaces tensor fields no longer depend only on the position but
instead they depend on the element of support (x, y) [1, 20]. Therefore, the properties of the
tangent bundle TM is of central importance. The absolute differentiation of a vector field
Xa will contain extra contribution along the tangent displacement dya. In a local expression
we can write down
DXa = dXa + ΓabcX
bdxc + CabcX
bdyc, (21)
where the coefficients Cabc and Γ
a
bc are functions of the element of support. We will restrict
our analysis only along the normalized time-like direction ua = dx
a
ds
. This congruence plays
an analogous role with the fundamental observer of the 1+3 covariant formalism.
By imposing the metricity condition Dgab = 0, along any direction u
a we can recast
relation (21) in a covariant form by using the horizontal and vertical split
X˙a ≡
DXa
ds
= Xa|bu
b +Xa|bF
Dlb
ds
, (22)
where
Xa|b =
δXa
δxb
+ LabcX
c, (23)
Xa|b =
∂Xa
∂yb
+ CabcX
c, (24)
and la = ya/F is the unit vector in the direction of the element of support (x, y) while
Dla = dla + Labcl
bdxc. Note, that for Xa = κla relation (22) implies la|b = 0 and the
spray coefficients (6) determine the integral curves. We will refer to the operator (23) as
the horizontal covariant derivative and to (24) as the vertical one. Also, the connection
coefficients in (24) satisfy the following relation
Labc =
1
2
gad
(
δgdb
δxc
+
δgdc
δxb
−
δgbc
δxd
)
. (25)
In that case a parallel displaced vector field DXa = 0 keeps its length invariant. The
covariant expression (22) is the evolution law for any first rank tensor. The vertical part
(24) is a direct result of the distorted ellipsoid condition (3). Together with the non-linear
connection (8) monitors the LV effect on the evolution of the Xa-flow.
The splitting of the propagation relation (22) allows us to formulate a curvature theory in
the footsteps of Riemann geometry. Using the vertical and horizontal covariant derivatives
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we retrieve the following generalized Ricci identities
Xa|b|c −X
a
|c|b = X
dR ad bc −X
a|dR
d
bc, (26)
Xa|b|c −X
a|c|b = X
dS ad bc, (27)
and
Xa|b|c −X
a|c|b = X
dP ad bc −X
a
|dC
d
bc −X
a|dP
d
bc, (28)
where the curvature components are defined by
R ad bc =
δLadb
δxc
−
δLadc
δxb
+ LedbL
a
ec − L
e
dcL
a
eb + C
a
deR
e
bc, (29)
S ad bc =
∂Cadb
∂yc
−
∂Cadc
∂yb
+ CedbC
a
ec − C
e
dcC
a
eb, (30)
P ad bc =
∂Ladb
∂yc
− Cadc|b + C
a
deP
e
bc (31)
and the torsion-like tensor field P abc is given by the following expression
P abc =
∂Nab
∂yc
− Lacb. (32)
The Ricci identities (26)-(27) enclose the relevant information about the non-linear kinemat-
ics of the integral curves since the torsion-like tensors Cabc, R
a
bc and P
a
bc are fully determined
by the fundamental function F (x, y).
The irreducible decomposition of relations (26)-(28) will give back a set of covariant
relations [30]. However, this is not enough to determine the actual deformation of the
Xa-curves. One must further proceed to connect the aforementioned relations with the
actual internal motion of the congruence. In the general case, it seems difficult to retrieve
closed form expressions for the evolution of expansion, shear and vorticity. Therefore, to
get the deformation of a cross-section we need to solve the global problem and track back
the kinematics of the medium, either by considerable simplifications or by using numerical
techniques.
To further dig into this problem, consider a family of time-like curves and their tan-
gent vector ua in a Finsler space-time. By virtue of the absolute differentiation (22) the
propagation equation for the deviation vector is written in the form
ξ˙a = ξa|bu
b + ξa|bF
Dlb
ds
(33)
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Notice, the extra contribution in the evolution of the deviation vector, coming from the
vertical operator along the Dl
a
ds
-direction. The component of Dl
a
ds
along ξa will involve up to
second order terms with respect to ξa in the kinematics of the medium (16) (for a similar
discussion on higher order terms in the Riemannian framework see [24]). The most relevant
contribution of the second order terms is expected when Dl
a
ds
is parallel to the deviation
vector. On the other hand the second order terms will fade away if Dl
a
ds
is parallel transported
along the congruence. Using the mathematical definition of the deviation vector as the Lie
transported field along the ua-congruence we shall retrieve further analytic expressions for
the deformation of the integral curves in these two limiting cases of Dl
a
ds
(subsections (VA)
and (VB) respectively).
IV. LIE DERIVATIVE AND KILLING VECTORS
The most closely related to the Riemannian case definition of the Lie derivative results
from the infinitesimal transformation on the position coordinates of M
x¯a = xa + va(x)dτ, (34)
where dτ is an infinitesimal constant and va(x) is a vector field defined over a region of the
base manifold [1]. The above displacement assigns at each point xa a shift on the position
space dxa = va(x)dτ that implies a corresponding variation of the ya components of the
element of support
y¯a = ya +
(
∂va
∂xb
yb
)
dτ. (35)
Following the usual procedure [39] for the Lie derivative of a vector field Xa(x, y) we lead
to the formula
£vX
a = Xa|bv
b − va|bX
b +
∂Xa
∂yb
(vb|cy
c). (36)
The third term on the rhs of the previous relation comes from the preferred direction imposed
by the element of support. However, the reader should keep in mind that relation (36) is a
special case, since the Lie derivative is defined along the vector va(x) that is independent of
the coordinate increments ya. The condition £vgab = 0 implies the equation for the Killing
vectors
va|b + vb|a + 2FCabcv
c
|d l
d = 0. (37)
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Thus, the Killing solutions are kinematically enriched compared to general relativity since
Cartan’s torsion tensor Cabc and the element of support implies expansion, shear and vorticity
for the bundle.
Consider the 4-velocity of a time-like congruence ua together with the deviation vector
ξa and let us assume that they both depend only on the position xa. In that case, relation
(36) takes the simplified form
£uξ = ξ
a
|bu
b − ua|bξ
b = 0. (38)
For a parallel displaced element of support, Dl
a
ds
= 0, the vertical contribution disappears
from relation (33) and the horizontal derivative plays the same role with the Riemann
covariant derivative. Therefore, the internal deformation of the ua-flow is fully described
by the irreducible parts of Bab = ua|b. Thus, assuming a geodesic time-like congruence and
using (33) together with (37) and (38) we get
Θab + FCabc (σ
c
d + ω
c
d) ℓ
d = 0, (39)
where we define Cabc = h
d
a h
e
b h
f
c Cdef and Θab =
1
3
Θhab + σab in analogy to the Riemann
case for the horizontal covariant derivative, while ℓa = habl
b is the space-like part of the unit
vector la. Thus, for a time-like congruence ua(x) that is a Killing vector and the deviation
vector depends solely in the position, the expansion and shear are non-zero if the element
of support points to a preferred direction in space. Note, that shear free and irrotational
Killing vectors of the previous example are always non-expanding.
V. FINSLERIAN CURVES AND VOLUME EVOLUTION
The only geometric tool in hand to measure the relative motion of a family of curves γ(s) is
the parallel displacement of the deviation vector. As we already mentioned this displacement
is directly related to the covariant derivative of the tangent vector ua. However, in Finsler
geometry the covariant derivative is replaced by the horizontal and vertical decomposition
of the absolute derivative. This is a natural result, since the abandonment of the quadratic
restriction forces us to replace the position space xa with the element of support (xa, ya).
Therefore, to isolate the volume evolution of a Finslerian congruence we need to take into
account all the curvature together with the torsion tensors (26)-(28) and up to second order
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terms in relation (16). The analytical treatment of this problem seems a very complicated
task but we can get some insight through some geometric assumptions.
Firstly, let us prove that second order terms in relation (16) enter the kinematics. Con-
sider a time-like flow ua and its deviation vector ξa that depends only on xa. The parallel
displacement of the unit direction la along ua decomposes to a component along and per-
pendicular to the deviation vector ξa
Dla
ds
= ξa + a. (40)
To focus on the second order terms we assume that the transverse part of (40) vanishes,
a = 0. Note, that this assumption implies laξa = 0 since l
a = ya/F by construction. Then,
by virtue of (23),(33) and (38) we get the following relation
Dξa
ds
= ua|bξ
b + FCabc ξ
bξc, (41)
which proves our previous statement that second order terms are naturally involved in the
evolution of the deviation vector. It is evident from relation (41) that an analytic expression
for the expansion, shear and vorticity of the congruence is unapproachable.
The second order terms of ξa complicate the picture and even in simple geometric con-
figurations non-linear effects will emerge. Even if we consider the isotropic condition for the
first order terms ua|b = Bhab, Cartan’s tensor will change the initial direction of ξ
a. There-
fore, an isotropic cross-section will eventually be distorted. In the following two subsection,
we study two particular covariant examples of relation (41). In the first one, we impose
spherical symmetry in the evolution law (41) and retrieve particular solutions with respect
to the affine parameter of the congruence. In the second one, we restrict our analysis to
a particular class of curves where the anisotropic unit direction la is parallel displaced and
recover an evolution formula for the expansion of the bundle.
A. Spherical symmetric evolution
Assume that Cartan’s torsion tensor takes its reducible form [40]
Cabc = C(ahbc), (42)
where Ca = Cabcg
bc is often referred as Cartan’s torsion vector. Also, hab = gab + clalb is
the angular tensor that projects orthogonal to ya and c = ∓1 for a space-like or time-like
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unit direction respectively. Apart from the anisotropic contribution from Cartan’s tensor in
relation (41) there is an isotropic effect along the direction of ξa. In particular, we recover an
isotropic evolution for the cross-section when Ca is parallel to the deviation vector Ca = C˜ξa
and the simple relation ua|b = Bhab holds. Then, by virtue of these assumptions and using
relations (41) and (42) we arrive at the expression
Dξa
ds
= (B + Cξ2)ξa, (43)
with C = FC˜. Thus, in the above example the deviation vector always points at the same
direction as it is parallel displaced with respect to the γ(s) curves. An initially spherical
symmetric region of space will sustain its shape as it moves along the ua-congruence. In that
case, the magnitude of the deviation vector is always the radius r of an isotropic 3D-section.
Contracting relation (43) along ξa we derive the evolution law for the radius
r˙ = (B + Cr2)r, (44)
where the dot operator denotes the absolute derivative with respect to s. The second term
in the rhs of relation (44) involves non-linear corrections to the expansion dynamics through
Cartan’s torsion vector. When Cartan’s tensor vanishes, we retrieve the vorticity and shear
free expansion of the Riemannian limit where B = 1
3
Θ. In that case a constant expansion
rate guarantees an exponential solution for the volume element. The exponential behavior
is closely related to inflationary scenarios of the early universe.
To demonstrate how a simple inflationary model can be affected by the non-linear Finsler
contribution let B = const and C = const. This limit retrieves the aforementioned behavior
for C → 0. The solution of relation (44) leads to the formula for the volume of an isotropic
cross-section of the ua-congruence
V =
(
B
c1Be−Bs − C
)3/2
, (45)
where c1 is a constant of integration. In the Riemannian approximation, the case of B < 0
corresponds to an exponential contraction which tends to the singular value, V → 0. For the
Finslerian volume element (45) given the conditions B < 0 and C > 0 we get an additional
phase of decelerating contraction for small values of the parameter s. On the other hand,
for B < 0 and C < 0 the element monotonically contracts. In both cases of contraction the
singular fate, V → 0, is always unavoidable. The inflationary behavior in general relativity
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FIG. 1: Free scale volume evolution for an initially expanding cross-section with respect to the
parameter of the fundamental ua-congruence. The solid line corresponds to negative values of C.
An initially exponential expansion gradually turns to a decelerating phase that finally “freeze” to a
constant value Vm = (−
B
C )
3/2. On the other hand, positive values of C (dashed line) set an upper
value s∗ for the arc-length where the volume element reach the caustic.
is retrieved for B > 0 where a 3-sphere eternally expands exponentially. In relation (45), for
B > 0 and C < 0 an initially inflationary expansion turns to a decelerating one that leads
to a ”frozen” state, Vm = (−
B
C
)3/2. Furthermore, for B > 0 and C > 0 and restricting the
values of V to be real, the parameter s is bounded by an upper value s∗ =
1
B
ln c1B
C
. The
volume element tends to a caustic as we approach s∗ since its radius reach infinity within a
finite time interval. The two cases of expansion are depicted in figure-1.
B. Raychaudhuri’s equation
The intrinsic non-linear nature of the Finsler manifold disapproves the extraction of the
propagation equations for the kinematical properties of the ua-bundle. In the general case
the evolution of the expansion cannot be expressed in closed form. This is evident even in
the simplified example of the previous section (see relation (44)). The main suspect for this
complication is the vertical part of the absolute derivative. In order to derive Raychaudhuri’s
equation we are forced to impose some geometric constraints. The first drastic assumption
taken into account concerns the absolute derivative of the unit direction la.
Precisely, let us consider a family of time-like flow lines along which la is parallel displaced,
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Dla
ds
= 0. In that case, relation (33) gives back the evolution of the deviation vector, ξ˙a =
ξa|bu
b. The unit element is written into its irreducible parts as
la = lua + ℓa, (46)
and since the absolute derivative along ua vanishes we retrieve the expression for the 4-
acceleration of the congruence
lAa = −ℓ˙〈a〉. (47)
Using relation (47) together with the limit that the connecting vector ξa depends only on
x, the Lie derivative (38) implies that only first order terms are involved in the rhs of (33).
Moreover, using relations (33) and (38) for a class of curves where the anisotropic unit
direction la is parallel displaced (l˙a = 0), we retrieve the relation
ξ˙a = ua|bξ
b. (48)
Hence, in our limiting case we can track the internal motion of the medium with the aid of
the horizontal derivative
Bab = ua|b. (49)
in analogy to the Riemannian case discussed in subsection (IIIA). The irreducible parts of
the above expression monitor the expansion, shear and vorticity of the congruence. Their
definitions are similar to the Riemannian case (18) although the Levi-Civita connection ∇a
is replaced by the horizontal operator that involves the non-linear connection.
Furthermore, the time-like part of the contracted Ricci identity gives back the propagation
equation for the expansion
Θ˙ +
1
3
Θ2 = −Rabu
aub − 2(σ2 − ω2)− Tabu
aub
+
1
l2
ℓ˙a(Dal − ℓ˙〈a〉)−
1
l
Daℓ˙a, (50)
where σ2 = σabσab/2 and ω
2 = ωabωab/2 are respectively the scalar square magnitudes of the
shear and vorticity, while Tab = C
d
ac l
eR ce db represents a color-curvature coupling coming
from the anholonomy of the basis and the intrinsic anisotropy of the metric. The last three
terms are due to the acceleration given in relation (47) and correspond to non-geodesic
motion. In the rhs of relation (50) positive terms resist the contraction of the time-like
bundle while negative terms assist the focusing of the congruence. On the other hand, in
an expanding phase positive terms accelerate the deviation of neighboring flow-lines while
negative terms contribute with a decelerating effect.
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VI. COLLAPSE OF A DUST-LIKE FLUID
In general relativity Raychaudhuri’s equation is a necessary tool to study the behavior of a
self-gravitating fluid. It has a purely geometrical origin although it is indirectly correlated to
the energy and momentum of matter through Einstein’s field equations. When we consider
irrotational (ωab = 0) perfect fluid configurations of ordinary matter the congruence always
forms a caustic. On the other hand, if we replace the Riemann manifold with a Finslerian
we are unable to derive in the general case a closed form expression for the expansion. Also,
the relation between matter and geometry remains in the sphere of speculation but with
remarkable progress been made [5, 25].
The derivation of relation (50) requires a parallel displaced element of support Dl
a
ds
= 0
along the ua-bundle. Under this assumption the relevant Finsler entities that enter
Raychaudhuri’s formula are the Riemann curvature (26) together with the two torsions
(Cabc, R
a
bc) and the 4-acceleration. Furthermore, non-geodesic motion is necessarily related
with the unit preferred direction through (47). Since, for the parallel displacement (22) the
only operator is the horizontal differentiation (23), it is identified as the covariant derivative
in analogy to the Riemannian case. If we impose energy and momentum conservation for
our setup, then we get
T ab|b = 0. (51)
with T ab representing an imperfect fluid. One can search in the identities of Finsler geometry
for a second rank tensor that satisfies relation (51).
Keeping close to GR, the Bianchi identities for the Riemann curvature (26) with respect
to our covariant differentiation are
R ba cd|e +R
b
a ec|d +R
b
a de|c+
+RfdeP
b
a cf +R
f
cdP
b
a ef +R
f
ecP
b
a df = 0.
(52)
The nearest curvature theory to general relativity is achieved if the space-time has the prop-
erty Pabcd = 0. Then, after some short calculations we arrive at the following conservation
law (
R(ab) +R[ab] −
1
2
Rgab
)
|b
= 0, (53)
where Rab = g
cdRacbd and R = g
abRab is the Ricci tensor and scalar respectively. Notice,
that due to the torsion contribution in the curvature (26) the Ricci tensor decomposes into
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a symmetric and antisymmetric part. Furthermore, the Pabcd = 0 restriction gives back the
constrain [5] for the S-curvature
Sabcd|e = 0. (54)
As it is naturally expected the full set of the Bianchi identities for the Finslerian set up
involves relations where the vertical derivative appears. For the full set up of the structure
equations the reader is referred to standard textbooks of Finsler geometry e.g. [1], [3] and
[5]. The aim of our analysis is to extract some qualitative results about the convergence of
neighboring particles falling along our restricted bundle. Then, only the horizontal derivative
is involved in the expansion dynamics and the Riemann curvature is the only curvature that
directly contributes to Raychaudhuri’s equation (50).
The most trivial choice is to assume that the symmetric and antisymmetric parts of the
twice contracted Bianchi identities (53) are explicitly conserved. Consequently, relations
(51) and (53) lead to the field equations
R(ab) −
1
2
Rgab = κTab, (55)
where κ is the gravitational coupling constant. However, there are the additional constrains
for the antisymmetric part of the conservation equation (53),
R
[ab]
|b = 0 (56)
and for the S-curvature given by (54). The above field equations represent a subset of the
general Finsler problem [5, 19, 25]. Yet, they are compatible with the geometric assumptions
we made to derive the evolution equation for the expansion (50). Relative to the fundamental
observer the energy-momentum tensor of a perfect dust-like fluid is
Tab = ρuaub, (57)
with ρ = Tabu
aub standing for the energy density of matter. Notice, that relation (55) implies
that the energy density will depend on the element of support.
The conservation law (51) forces the matter distribution (57) to move along geodesics and
the 4-acceleration vector (47) vanish. Then, by virtue of relations (55), (57) and assuming
that matter falls along irrotational geodesics, we recast Raychaudhuri’s equation (50) in the
following form
Θ˙ +
1
3
Θ2 = −
1
2
κρ− 2σ2 − Tabu
aub. (58)
17
The sign in the rhs of (58) determines the condition for the formation of a caustic. In
particular, the focusing of the world-lines is prevented only if the rhs of relation (58) is
dominated by positive terms, namely
1
2
κρ+ 2σ2 < −Tabu
aub. (59)
The term that can resist the gravitational pull of a geodesic congruence comes from the
coupling between the Cartan torsion tensor and curvature. It fulfils the requirements only
if Tabu
aub < 0. On the other hand, the color-curvature effect adds to the self attraction
of the medium when Tabu
aub > 0. The more we deviate from the quadratic restriction the
more important becomes the Cartan torsion and the coupling term gets stronger. However,
even for slightly colored regions (Cabc ≪) the prevention of the caustic becomes plausible in
highly curved conditions since the Riemann tensor enters the rhs of relation (59).
We can extract further information about the last term of relation (58) if we decompose
the curvature tensor. In GR the curvature tensor decomposes to a purely antisymmetric
part (Weyl tensor), to a symmetric second rank tensor (Ricci curvature) and to a scalar
part. Although in Finsler geometry the Riemann curvature is well defined, to the best of
our knowledge a similar meaningful decomposition cannot be retrieved since Rabcd does not
possess the same symmetries. Nevertheless, we can impose particular symmetries for the
curvature to obtain further insight in the same lines with the Riemannian case. In analogy
with GR, the relation which characterizes an isotropic point in space-time is
ldRdabc = R(lbgac − lcgab) (60)
where R corresponds to the Ricci scalar in the Riemannian limit [1]. This limit is widely
used in isotropic scenarios of gravitational collapse. Then, the condition (59) takes the
simplified form
1
2
κρ+ 2σ2 < RlCau
a, (61)
where Ca = Cabcg
bc is the Cartan torsion vector. Therefore, in the symmetric limit (60) only
the time-like part of the element of support contributes to the avoidance of the caustic. Also,
the focusing of the congruence can be avoided either for negative or positive R depending
on the orientation between Cartan’s torsion vector and the tangent to the flow lines.
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VII. OSCULATING RIEMANNIAN FRW GEOMETRY
Another method to explore some aspects of Finsler geometry is the osculating Riemannian
approach. This limiting process restricts our analysis to a region of Fn where the coordinate
increments ya depend on the position xa (see for example [1, 26] and for the kinematics
of deformable media [29]). In that case relation (4) defines a purely Riemannian metric,
namely
rab(x) = gab(x, y(x)), (62)
and the imposed metricity implies the Levi-Civita parallelism. Then, in our subregion we
can use the Einstein field equations together with the energy-momentum conservation by
following the usual arguments
Gab(x, y(x)) = κTab(x, y(x)) , ∇bT
ab(x, y(x)) = 0, (63)
where Gab = Rab −
1
2
Rrab stands for the Einstein tensor, while the nabla operator is the
linear connection induced by the metric (62).
Let us consider the interesting class of Randers spaces
F = α + β, (64)
with α =
√
αabyayb standing for a pseudo-Riemannian metric, while β = bay
a is the Fins-
lerian contribution. The vector field ba introduces a preferred direction in space-time as a
phenomenological consequence of a Lorentz invariance violation. The metric function (64)
interfaces a Riemannian space-time with Finsler geometry in a simple manner. The study
of such space-times gives many new possibilities since it monitors departures from specific
Riemannian examples. Concerning the process of gravitational collapse in general relativity
the most characteristic example is given by a spherical symmetric and isotropic dust fluid.
In that case, the geometry of space-time is well described by the FRW metric
αab = diag(1,−
a2(t)
1−Kr2
,−a2(t)r2,−a2(t)r2 sin2 θ). (65)
Note, that K = 0,±1 is the spatial curvature for a flat, closed and open model respec-
tively. This perfect dust-like configuration of the Riemannian limit can be transplanted in
a Finslerian set up by inserting the metric tensor (65) in relation (64). Let us assume the
common Finsler case where the vector field ya is identified as the velocity of the congruence
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in question. Then, the 4-velocity ua of the fluid flow stands for the anisotropic variables y
a.
By virtue of relation (64) the vector field ba is written into its irreducible parts
ba = βua + ba, (66)
where ba = h
b
a b b stands for a preferred direction in the instantaneous rest space of the
fundamental observer.
In order to keep close to the FRW symmetry we impose homogeneity and isotropy. This,
assumption switches off the spatial part of ba. Also, our analysis is restricted to monoton-
ically decreasing functions of β(a) to recover the FRW limit for large values of the scale
factor. We consider the particular profile, β = c1a
−n, where c1 stands for a small constant.
However, the following analysis holds for a large class of profiles. Projecting along the 4-
velocity of the comoving observer relations (63) give back the evolution law for the scale
factor
1
2
a˙2 −
1
6
κρa2(1 + 4β) +Kβ = −
1
2
K, (67)
together with the linear independent continuity equation
ρ˙+
(
3
a˙
a
+
2β˙
1 + 2β
)
ρ = 0, (68)
where β remains an undetermined function of time.
The Newtonian kinematical analogue of relation (67) is the motion of a point particle
with kinetic energy K = 1
2
a˙2, and total energy E = −1
2
K. We can directly integrate the
first order differential equation (68) to obtain the solution for the energy density
ρ = ρ0
a−3
1 + 2β
. (69)
In that case, our hypothetical particle falls in the potential
U = −
1
6
κρ0a
−11 + 4β
1 + 2β
+Kβ. (70)
The modified FRW potential (70) corresponds to a collapsing dust-like fluid if the scale
factor a is a decreasing function of time. On the other hand, it is natural to expect that the
Finslerian contribution fades out as the fluid expands. Then, to recover the FRW behavior
for large values of the scale factor we must impose that β decrease faster than a−1 (n > 1
for our profile). In that case, for late times of the collapsing process the β contribution in
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FIG. 2: A sketch for the mechanical analogue of a test-particle moving in the potential (70) for
a closed spatial geometry with β > 0 and n > 1. The straight line represents the total energy,
the dash line is the standard FRW potential and the solid one stands for the modified case (70).
An initially contracting region starting from the right of Umin will accelerate and then decelerate
until the bouncing point. After the bounce, it enters an accelerating expanding phase until it
crosses Umin. Then, the region decelerates until the self-gravity of the fluid dominates. The dust-
ball recollapses and the process starts over revealing an oscillatory behavior for the 3D-volume
element.
the rhs of (70) can play the role of a gravitational repeller. The main effect comes from
the coupling term with the spatial curvature and depends on the Riemannian 3D-geometry
(K = 0, 1,−1). In the same line with Raychaudhuri’s equation (50), we retrieve again a
color-curvature contribution since β is the quantity that breaks the quadratic restriction (64).
Moreover, to resist gravitational pull of matter the spatial curvature K and the Finslerian
contribution β must be of the same sign. Notice, that the main effect fades out in case of
flat spatial section.
Consider a contracting region of our hypothetical space-time where initially the scale
factor lies in the standard FRW region of the potential (70). Due to the self attraction of
matter the contraction will be in an accelerating phase as in standard gravitational physics.
As the region shrinks, the coupling term between the spatial curvature and color starts to
dominate and acts as an effective pressure against the pull. Eventually, it forces the collapse
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to a decelerating phase until the fluid bounces to the potential at the turning point
ab ≈
κρ0
3(1 + 2βb)
, (71)
where the subscript b denotes the value at the bouncing point. After the bounce the medium
expands in an accelerating manner that turns to a decelerating phase until the gravity
dominates again. Then, the fluid recollapse and the process repeats itself to infinity revealing
an oscillatory behavior for the scale factor (see figure-2). A similar behavior is retrieved in
the context of very special relativity for the Bogoslovsky’s line element [27] and on tangent
Lorentz bundles [28]. The bounce is also possible in an open model if β < 0 but an expanding
phase will never recollapse. Finally, in case of flat spatial sections the singular fate of a
collapsing dust-like fluid is unavoidable.
VIII. DISCUSSION AND CONCLUSIONS
In summary, the intrinsic anisotropy imposed by the non-quadratic metric function
F (x, y) gives birth to various kinematical complications. The evolution of the deviation
vector along the medium’s flow lines monitors the internal deformation and involves up to
second order terms of ξa. Combined with the three distinct Ricci identities (26)-(28) that
we get from the two types of covariant derivative, the evolution equations for the expansion,
shear and vorticity of the flow seems difficult to be given in closed form expressions. At
this point one can either treat the tangent bundle as his base manifold and split his ten-
sorial quantities to vertical and horizontal components (for textbook treatment see [5]), or
proceed to further geometric assumptions to get some analytical or numerical results. The
first approach gives analogue relations with GR in the horizontal and vertical sub-bundles of
T TM providing a way to study focusing of congruences in the total space of the manifold
[30]. However, one has to “translate” the covariant T TM-expressions back to the actual
deformation of a medium’s cross-section.
On the other hand, at a first “brute-force” attempt we may try to solve the global problem
for the congruence and its connecting vector for particular geometric conditions. Then, we
can track back the deformation of a cross section through the evolution of the deviation
vector with respect to the arclength. The latter is given by the absolute differentiation
along medium’s flow lines and involves two distinct covariant derivatives. The first one
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is along the tangent to the flow lines ua = dx
a
ds
, while the other is along the evolution
direction of the element of support, ℓ˙a = Dl
a
ds
. In the main bulk of the article we restrict
our analysis for simplicity to normalized time-like congruences that depend solely in the
position coordinates, ua = ua(x). This particular class of Finslerian integrable curves is
widely used to retrieve simpler formulas and isolate particular properties of the manifold [1].
They are closely related to the Riemannian ones and we can Lie drag a tensor field along
them in a simple and straightforward way. However, the ua-bundle still “feels” the color
of the structure mainly through the Cartan tensor. In fact, this is clearly depicted in the
constrain relation for the Killing vectors (37) where the bundle can anisotropically expand
in contrast to GR.
The Lie derivative plays a central roll since we define the deviation vector as a Lie
transported spatial congruence along the flow, £uξa = 0 [24]. Even in case of a deviation
vector that depends solely in the position the evolution of a cross-section involves up to
second order terms with respect to ξa. For a given direction la, the first order deformation
is given by the horizontal derivative of ua and the second order by the Cartan tensor (41).
The example of an isotropically evolving volume element is given where the expansion of
the flow cannot be determined ab initio. In a simplistic scenario we solve for the volume of
the congruence and demonstrate how an exponentially expanding region deflates or reach a
caustic due to the Finslerian contribution. This suggests that emergent effects of QG may
have a crucial kinematic reaction to inflationary models of the early universe and deserves
further investigation.
Possible GR modifications are more likely to appear in highly curved regions where QG
physics may emerge. In GR, such conditions favor the formation of a singularity and/or
a caustic of the congruence. Hence, the breaking of the local symmetry of GR opens up
the possibility to evade the focusing of neighboring particles and the space-time singularities
(see for example [22, 31]). From a kinematical perspective, any modification of the curvature
theory will directly affect the deformation of the ua-bundle [22]. That is the case also in
Finsler geometry where the curvature theory is extended with the introduction of color.
The later monitors departures from the Lorentz symmetry since it reflects the breaking of
the quadratic restriction on the distance module. Hence, in Finsler geometry the internal
motion of a time-like flow is affected by the color (LV) and its variations.
We concentrate our analysis in the expansion of a time-like flow. The complexity of the
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general problem forces us to pick a particular class of congruences along which the preferred
direction imposed by the element of support is parallel displaced. Then, for a position de-
pendent time-like bundle Raychaudhuri’s formula can be retrieved. In that case, general
conclusions for the expansion dynamics can be derived. The more interesting Finslerian ef-
fect is a coupling between curvature and color. This term is more likely to become dominant
in high curvature environments; exactly where we speculate that QG effects may become
important. Under certain conditions it can reproduce a repulsive effect to neighboring par-
ticles or add to the gravitational pull. The focusing theorem for our restricted congruence
is given where irrotational geodesics of dust like matter can avoid the caustic. Nevertheless,
the caustic prevention does not guarantee that the real space-time singularity vanish. How-
ever, it points out a possible QG mechanism that can slow down or even stop gravitational
collapse. The formalism can be extended to study the effect on the shear and vorticity of
the medium. In the same context the covariant perturbations over an almost FRW model
can give back some imprints of color in the spatial distribution of the cosmological fluid [23].
Also, the Raychaudhuri’s equation for null geodesics [32] would be desirable since it is of
central importance in gravitational lensing and distance measurements [33].
One of the most famous solutions of Einstein’s theory of gravity is the FRW space-
time. It describes an isotropic and homogeneous fluid and it is a good approximation for
the cosmological medium and for the interior of a star. In GR it clearly monitors the
gravitational pull of matter through the evolution of the scale factor. The contracting phase
is always accelerating and leads to the Big-Bang singularity, a → 0. In phenomenological
models of quantum gravity and for non-standard matter fields the Big-Bang singularity is
avoided in various examples [34]. Usually, the medium before it reaches the singular point
bounces back and enters an expanding phase. This models are candidate alternatives to
inflation and they can also prevent the formation of the black hole horizon [35]. We recover
the same behavior for an almost FRW model using the Randers metric in the osculating
Riemannian limit. Moreover, the bounce occurs only when the space-time is spatially curved.
The mechanism that prohibits the formation of the singularity is a coupling between the
spatial curvature and the variable that breaks the Lorentz symmetry. This result is in alliance
with Raychaudhuri’s equation and reveals from a geometric perspective that departures from
the local symmetries of GR may lead to non-singular space-times.
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